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We propose a new method to characterize equilibrium quantum phase transitions in terms of
the spectrum of multiple quantum coherence (MQC) intensities, a special type of out-of-time-order
correlation. Using the iconic Lipkin-Meshkov-Glick and transverse-field Ising models as illustrative
examples, we show that an abrupt change in coherence and entanglement of the ground-state across
a quantum phase transition is clearly observable in the MQC spectrum. Furthermore, we develop
a robust protocol to obtain the MQC intensities across the ground-state phase diagram, which is
accessible to a broad range of current experiments as it relies on standard quasi-adiabatic quenches
without the requirement of time-reversing the dynamics.
Introduction: Quantum phase transitions (QPTs) [1] play
a central role in many fields of modern quantum sci-
ence and have been studied using a variety of tools and
techniques. Fundamentally, QPTs are signaled by non-
analyticity in the energy density of the ground-state or a
vanishing of the energy gap between the ground and low-
est excited states in the thermodynamic limit. However,
the rise of quantum information science has ignited a the-
oretical push towards characterizing the critical region of
a QPT by studying information theoretic quantities such
as entanglement entropy [2–4] or the enhanced decay of
a Loschmidt echo state-overlap [5, 6] and related fidelity
susceptibility [7–9].
In parallel, the past two decades have seen a growing
experimental focus on the dynamics of quantum infor-
mation [10] and non-equilibrium systems [11] as a result
of improvements in the technical capabilities of atomic,
molecular and optical (AMO) experiments. Of recent
note is the study of quantum chaos and information
scrambling using so-called out-of-time-order correlations
(OTOCs) [12–15]. Already, OTOCs have been adapted
to study phenomena beyond their original purview, in-
cluding the diagnosis of dynamical [16] and equilibrium
phase transitions [17, 18]. Motivated by these develop-
ments, here we report a new way to characterize drastic
changes in coherence and entanglement exhibited by the
ground state across a QPT via measurements of the spec-
trum of multiple quantum coherence (MQC) intensities.
MQC intensities, first developed in the context of nuclear
magnetic resonances [19, 20] and recently related to the
Fourier spectrum of a specific family of fidelity OTOCs
(FOTOCs) [21–24], can capture fine-grained information
about the many-body nature of a quantum state. While
to date the MQC spectrum has predominantly been used
to study non-equilibrium dynamics, here we show that it
can be a powerful tool to characterize the many-body
properties of ground-states across a QPT, with scope be-
yond simple measures like the order parameter or even fi-
delity susceptibility, and can distinguish quantum phases
even in the limit of small system size.
More specifically, in this manuscript we demon-
strate that the MQC intensities can diagnose the non-
analyticity of a QPT for two paradigmatic models: the
Lipkin-Meshkov-Glick (LMG) and the transverse-field
Ising (TFI) models. We also discuss a dynamical protocol
to obtain FOTOCs and the MQC spectrum of ground-
states from a pseudo-echo of quasi-adiabatic dynamics.
In contrast to prior proposals for measuring FOTOCs,
our scheme can be more broadly implemented in experi-
ments as there is no requirement for time-reversal of the
coherent dynamics [21, 23, 25–27]. As a consequence, our
results are applicable to a broad range of experimentally-
relevant models in AMO and condensed matter physics,
with immediate impact for state-of-the-art quantum sim-
ulators.
Quantifying Quantum Coherence: The spectrum of MQC
intensities is a well-established measure of the degree of
coherence of a quantum state [19, 20, 22–24]. The inten-
sities can be defined [22] by first noting that a density ma-
trix ρˆ describing a quantum state can be decomposed into
blocks: ρˆ ≡ ∑m ρˆm with ρˆm = ∑λi−λj=m ρij |λi〉〈λj |.
Here, |λi〉 are eigenstates of a given Hermitian operator
Aˆ such that Aˆ|λi〉 = λi|λi〉. By construction, the blocks
ρˆm contain all coherences between eigenstates of Aˆ dif-
fering by m. This coherence is quantified by the MQC
intensity IAˆm(ρˆ) = Tr [ρˆ−mρˆm], which is a basis-dependent
quantity (i.e. depends on the choice of Aˆ).
The connection between the MQC spectrum and QPTs
is fundamentally motivated by similar reasoning to other
measures such as fidelity [5, 6] and coherence [28] sus-
ceptibilities: when a system crosses a QPT the form of
the ground-state undergoes a drastic change in properties
and underlying many-body structure. We argue that this
abrupt shift in structure should lead to a sharp change
in the features of the MQC spectrum in an appropriate
basis.
To formalize our argument, we consider a toy-model
of a typical QPT which is described by a Hamiltonian
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2Hˆ = Hˆ1 + λHˆ2 where we assume
[
Hˆ1, Hˆ2
]
6= 0 and
λ ≥ 0 is a dimensionless (tunable) driving parameter.
Without loss of generality, we take Aˆ = Hˆ2 and con-
sider the ground-state in the limiting cases λ → 0 and
λ → ∞. In the latter case, the ground-state |ψλ→∞GS 〉
of Hˆ is the lowest-energy eigenstate of Hˆ2, and thus
ρˆλ→∞GS = |ψλ→∞GS 〉〈ψλ→∞GS | is composed of a single diag-
onal entry in the eigenbasis defined by Aˆ = Hˆ2. Trivally,
the MQC spectrum will then be composed of a single
peak, IHˆ2m (ρˆ
λ→∞
GS ) = δm,0, due to the lack of coherences
with respect to Hˆ2. On the other hand, for λ → 0 the
ground-state |ψλ→0GS 〉 becomes an eigenstate of Hˆ1. As[
Hˆ1, Hˆ2
]
6= 0 this ground-state cannot be a simultane-
ous eigenstate of Hˆ2. Specifically, |ψλ→0GS 〉 must then be
a coherent superposition of eigenstates of Hˆ2 such that
the density matrix ρˆλ→0GS = |ψλ→0GS 〉〈ψλ→0GS | possesses off-
diagonal coherences with respect to the Hˆ2 eigenbasis.
Consequently, we expect a (relatively) broad MQC spec-
trum with non-zero IHˆ2m (ρˆ
λ→0
GS ) for m 6= 0.
The spirit of this argument can be extended between
the two limiting cases, so that we might expect an abrupt
change at the critical point λc between a narrow to broad
spectrum, similar to the motivation behind information
theoretic measures such as the fidelity susceptibility [5,
6]. Given the constraint
∑
m Im = 1 for a pure state [22],
this change in width of the spectrum will typically also be
observable as a sudden change in the intensity IAˆ0 (ρˆGS).
In the following we demonstrate that this is indeed the
case and that the width of the spectrum and IAˆ0 (ρˆGS) can
serve as experimentally-accessible signatures of a QPT.
Signals of a QPT in MQC spectrum: As a pedagogical
example we consider a pair of iconic models of quan-
tum magnetism: the anisotropic Lipkin-Meshkov-Glick
[29, 30] and the one-dimensional transverse-field Ising
[31–33] models. The former describes an ensemble of
N mutually interacting spin-1/2s subject to a transverse
field, while the latter involves only nearest-neighbour in-
teractions. Each model can be described within the gen-
eral Hamiltonian
Hˆ = − 1
2C
∑
i<j
χij σˆ
z
i σˆ
z
j −
Ω
2
∑
i
σˆxi , (1)
where σˆαi are Pauli operators for site i and α = x, y, z.
The interaction between spins at sites i and j is charac-
terized by χij , and Ω is the transverse field strength. We
also normalize the interaction by C =
(∑
i,j χij
)
/χN .
For the LMG model χij = χ, while for the TFI model
χij = χδi,j−1 and we also impose periodic boundary con-
ditions. We adopt ~ = 1 throughout the manuscript.
Both models feature a parity symmetry under the
transformation (σˆxj , σˆ
y
j , σˆ
z
j )→ (σˆxj ,−σˆyj ,−σˆzj ) associated
with the generator Πˆ =
∏N
j=1 e
ipi2 (σˆ
x
j+1). The LMG
model features a further collective symmetry that al-
FIG. 1. Characteristic MQC spectra I Sˆxm (ρˆGS) of the (a)
numerically-computed ground-state for the LMG (N = 250)
and (b) the analytically-computed ground-state for the TFI
(N = 20) models as a function of Ω/χ. The boundary between
the ferromagnetic and paramagnetic phases near Ω/χ ≈ 1
is signified by an abrupt change in the slope of the spec-
trum width, which we quantify in the lower panels using
σ2MQC =
∑
mm
2I Sˆxm (ρˆGS) (blue). We also compare to the
order parameter 〈|Sˆz|〉 (black).
lows a truncation of the relevant Hilbert space. Specif-
ically, the ground-state physics can be described within
the basis of fully symmetric Dicke states |N/2,mα〉 (α ∈
{x, y, z}) defined by Sˆ2|S,mα〉 = S(S + 1)|S,mα〉 and
Sˆα|S,mα〉 = mα|S,mα〉 where Sˆ2 = Sˆ2x + Sˆ2y + Sˆ2z and
Sˆα ≡
∑
j(σˆ
α
j /2) for α = x, y, z. Herein, we suppress the
quantum number S from the collective basis states for
brevity.
Each model features a second-order QPT between fer-
romagnetic and paramagnetic phases at a critical point
(Ω/χ)c = 1. In the strong-field limit, Ω/χ 1 the para-
magnetic ground-state is characterized by the polariza-
tion of all spins identically along xˆ, |ψPGS〉 = |(N/2)x〉,
while in the weak-field limit Ω/χ  1 the ferromag-
netic ground-state is an entangled GHZ state |ψFGS〉 =
|(N/2)z〉 ± | − (N/2)z〉. Without loss of generality we
assume that N is even and restrict our discussion to the
positive parity sector.
To illustrate that the MQC spectrum can serve as a
diagnostic tool to distinguish the equilibrium phases, we
compute the intensities with respect to the transverse
field term in Eq. (1), Aˆ = Sˆx. In Fig. 1 we numeri-
cally evaluate the distribution as a function of Ω/χ for
N = 250 (LMG) and N = 20 (TFI). In both cases, deep
3FIG. 2. Signatures of a QPT in the MQC components Im. (a)
The LMG model in the large-N limit (faded lines) predicts
that I0 (blue) and I2 (red) abruptly vanish at the critical
point, (Ω/χ)c = 1. The I2 component also develops a sharp
peak just upon entering the paramagnetic phase (see inset for
magnified view). Dark lines indicate a numerical comparison
for N = 250. (b) The TFI model predicts a sharp kink in the
I0 and I2 components at the critical point (Ω/χ)c = 1. Here
we plot results for a numerical calculation using N = 20.
in the paramagnetic phase the spectrum is dominated by
a sharp peak at I0 ' 1, which reflects that the ground-
state |ψPGS〉 lacks coherences with respect to the eigen-
states of Sˆx. Conversely, coherences are generated as the
transverse field is reduced relative to the interactions,
resulting in the predicted broadening of the MQC spec-
trum. Quantitatively, the width of the spectrum is de-
fined via σ2MQC =
∑
mm
2IAˆm(ρˆGS), also known as the cur-
vature [24]. The QPT of each model is then reflected in
the abrupt change of the slope of σMQC near (Ω/χ)c = 1.
For the TFI model in particular, the change in σMQC,
approaching from Ω/χ < 1, is sharp even for this small
system, and is a much clearer indication of the transition
than the associated order parameter 〈|Sˆz|〉 of the model.
Prior work relating the curvature to a bound on the quan-
tum Fisher information (QFI) F AˆQ ≥ 2σ2MQC [22, 24, 34],
which is an entanglement witness, also demonstrates that
the broad MQC distribution in the ferromagnetic phase
evidences the non-trivial entanglement of the ground-
state.
Formal connections to the QPT can be made by utiliz-
ing analytic solutions for both the LMG and TFI ground-
states, and consequently the MQC spectrum [35]. For
the LMG model analytic expressions are available for
(Ω/χ) ≤ (Ω/χ)c = 1 and large N , while the TFI model
is tractable in both phases and arbitrary N . In both
cases, the MQC intensities are predicted to abruptly
change precisely at the QPT (Ω/χ)c = 1 [35], as shown
in Fig. (2). In the case of the LMG model, for m 6= 0 the
I Sˆxm (ρˆGS) typically develop a sharp peak in the paramag-
netic phase which serves as a clear precursor of the QPT
and which could be a practical experimental signature.
Conversely, while the TFI model shows a similar peak it
shifts further into the paramagnetic phase as N increases
and is uncorrelated with the QPT.
For finite systems, the location of the transition (Ω/χ)∗
in the LMG model, signified by a divergence in the
derivative dI Sˆx0 (ρˆGS)/dΩ, approaches the N → ∞ crit-
ical point as [1 − (Ω/χ)∗] ∼ N−0.57 [35]. This is consis-
tent with that of (Ω/χ)∗ obtained from the susceptibility
d
(√
〈Sˆ2z 〉
)
/dΩ over the same window of system size N .
In contrast, we find that the location of the transition in
the TFI model, signified by a discontinuity in the deriva-
tive of dI Sˆx0 (ρˆGS)/dΩ, remains fixed at the critical point
regardless of system size.
Collectively, Figs. 1 and 2 demonstrate the utility of
the MQC spectrum to diagnose a QPT. Even though the
TFI and LMG models are of different universality classes,
the QPT is unambiguously signalled by an abrupt change
of the spectral width and amplitude of individual MQC
intensities in both cases.
Experimental implementation: The Hamiltonian (1) de-
scribing the LMG and TFI models can be simulated in
state-of-the-art trapped-ion arrays [36–41]. These sim-
ulators encode an effective spin-1/2 into the electronic
states of each ion. The interactions are engineered by
coupling the spins to the collective vibrational modes of
the array using an optical dipole force realized by a pair
of lasers. The spin-motion coupling mediates effective
power-law interactions of the form χij ∝ |ri− rj |−α with
a tunable exponent 0 ≤ α . 3 [42]. With additional reso-
nant driving of the electronic transition with microwaves,
the LMG model is realized for α = 0 and the TFI model
is approximated in the limit of large α.
The MQC spectrum can be obtained via a many-
body echo protocol, as was recently demonstrated in a
trapped ion quantum simulator [39] investigating non-
equilibrium dynamics. Fundamental to this is the def-
inition of the intensities in terms of the Fourier trans-
form IAˆm(ρˆ) =
∑
φ Fφe
imφ where Fφ = Tr
[
ρˆρˆφ
]
is the
many-body overlap between the reference state ρˆ and
the perturbed ρˆφ ≡ e−iφAˆρˆeiφAˆ. As ρˆ can be a complex
many-body state accessing Fφ is typically experimentally
challenging and can require, for example, detailed state
tomography [43–48]. However, obtaining Fφ can made
easier if the state ρˆ is the result of unitary evolution un-
der a controllable Hamiltonian from a simple (e.g. unen-
tangled) initial state.
Specifically, consider ρˆ = ρˆ(t) = Uˆ(t)ρˆ0Uˆ
†(t) where
Uˆ(t) describes unitary evolution and ρˆ0 the initial state.
We can rewrite Fφ = Tr
[
ρˆ(t)ρˆφ(t)
] ≡ Tr [ρˆ0ρˆφf] where
ρˆφf ≡ Uˆ†(t)e−iφAˆUˆ(t)ρˆ(0)Uˆ†(t)eiφAˆUˆ(t). Hence, Fφ re-
duces to a many-body overlap with respect to the initial
state ρˆ0 after the many-body echo sequence: i) evolve
4FIG. 3. (a) Schematic of many-body echo to obtain the MQC spectrum. The system is initially prepared in ρˆ, corresponding
to the ground-state at Ω(0)/χ, before the field slowly quenched to Ω(τ). The ramp is described by Uˆ(τ). A global rotation is
imprinted on the state before the dynamics are reversed via: i) a many-body echo Uˆ†(t), or ii) a pseudo-echo UˆPE(τ). In the
former the sign of the Hamiltonian is also flipped, whereas in the latter it is not. (b)-(c) Comparison of LMG and TFI dynamical
protocols. The MQC components predicted from the exact ground-state (faded blue lines) compared to those obtained from a
pseudo-echo ramping sequence of duration: χτ = 10 (black) and χτ = 100 (red). All data is from numerical simulations using
N = 50 for the LMG model, and N = 20 for the TFI model (see Ref. [35] for details of ramps).
with Uˆ(t), ii) perturb with e−iφAˆ, iii) evolve with Uˆ†(t)
[i.e., undo dynamics of i)]. This form of Fφ realizes a
FOTOC [23]. A judicious choice of ρˆ0, e.g. as a product
state, then makes accessing the overlap Fφ = Tr
[
ρˆ0ρˆ
φ
f
]
less demanding.
We propose to obtain the MQC spectrum of the
ground-state ρˆGS for generic Ω/χ by combining the above
echo protocol with an adiabatic ramp sequence starting
from the paramagnetic ground-state ρˆPGS at large field
Ω/χ  1. We illustrate the corresponding many-body
echo schematically in Fig. 3(a). The adiabatic sequence,
corresponding to Uˆ(t) in the previous text, entails slowly
ramping the Hamiltonian parameters in time such that,
starting from ρˆ(0) = ρˆPGS at large Ω(0)/χ  1 (for sim-
plicity we assume χ is fixed), the instantaneous state
of the system follows the ground-state of the instanta-
neous (time-dependent) Hamiltonian Hˆ(t) characterized
by Ω(t)/χ, ρˆ(t) ≡ ρˆGS(t). Ideally, the second half of
the many-body echo [Uˆ†(t)] can be implemented by both
i) flipping the sign of the instantaneous Hamiltonian,
and ii) varying the Hamiltonian parameters backwards
in time, such that Hˆ(t)→ −Hˆ(2τ − t) for t > τ , where τ
is the duration of the initial ramping sequence. Finally,
as ρˆPGS is a simple product state of all spins pointing
along +xˆ the overlap with this state can be obtained in
a straightforward manner (e.g. see Ref [40]) to yield Fφ.
In a trapped ion simulator the required time-dependent
control of a Hamiltonian Hˆ(t) has already been demon-
strated [36, 40, 49]. However, it is not always possible to
flip the sign of the interaction (and thus Hˆ) except for
the limiting case of α = 0 [35, 42]. Nevertheless, we argue
that this is not a limitation and the MQC spectrum can
still be exactly obtained using what we term a pseudo-
echo [described by UˆPE(t) in Fig. 3(a)] where the sign of
the Hamiltonian is not flipped, as long as the ramping
sequence is sufficiently adiabatic. Our proof, discussed
in detail in Ref. [35], is driven by the observation that
the state produced by sequential adiabatic ramps of the
transverse field from Ω(0) → Ω(t) → Ω(0) is effectively
identical to that produced by true time-reversal, i.e. the
system will return to the initial ground-state up to an
overall irrelevant phase if the dynamics are adiabatic.
The fact that the MQC spectrum and thus out-of-time-
order correlations are obtainable from coherent dynam-
ics without proper time-reversal, can be important in the
context of other quantum simulators with similar limita-
tions on control of Hamiltonian parameters.
Numerical example: Realistically, technical constraints
and limited ramp durations typically preclude the dy-
namics from being truly adiabatic[50]. Using numerical
simulations of small systems, we investigate the effect
these constraints have on the obtained MQC spectrum
and demonstrate that it retains reliable signatures of the
QPT.
In Fig. 3(b)-(c) we present results for both LMG and
TFI models for ramps of duration χτ = (1, 10) start-
ing in the paramagnetic phase. For the LMG model we
take N = 50 and Ω(0) = 10, while for the TFI model
N = 20 and Ω(0) = 102, with both ramps tailored to
reach Ω(τ) = 10−2 [35]. An important figure of merit for
each ramp is the fidelity with which the targeted ground-
state is prepared F = |〈ψGS(τ)|ψ(τ)〉|2. For the respec-
tive models the fidelities are: LMG F = (0.13, 0.99), and
TFI F = (0.5, 0.99). For even low fidelity ramps the in-
tensities obtained from the pseudo-echo reasonably follow
the predictions of the exact ground-state.
The robust correspondence despite the generation of
appreciable low-energy excitations during the ramps can
be attributed to the fact the LMG and TFI models pos-
sess a thermal phase-transition between ferromagnetic
and paramagnetic phases. As a consequence, when in-
5terpreting connections between the MQC spectrum and
the quantum phase transition one should demonstrate
that the physics observed is dominated by the T = 0
ground-state. One way to quantify this is to measure a
return-fidelity after a pseudo-echo in the absence of the
perturbation, which is associated with Fφ=0 (see Ref. [35]
for detailed discussion). A large return fidelity approach-
ing unity would indicate the MQC spectrum is dominated
by the ground-state contribution.
Conclusion: We have proposed and investigated a novel
method to diagnose signatures of a QPT. Our approach
is robust and only requires time-dependent control of the
Hamiltonian, global rotations and sufficient measurement
resolution to distinguish simple product states. More-
over, we demonstrated that the MQC intensities can be
reliably obtained from fidelity out-of-time-order correla-
tions even without the ability to implement proper time-
reversal. While our investigation focused on spin mod-
els engineered in arrays of trapped ions, our results are
broadly applicable to a range of AMO quantum simu-
lators where ground-state physics can be studied in a
controlled and isolated environment. In particular, we
expect neutral atoms in optical lattices in combination
with a quantum gas microscope [51] or tweezer arrays
[52, 53] should be highly promising platforms for the fu-
ture.
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I. QUASI-ADIABATIC RAMP SCHEME
In Fig. 3 of the main text we present the multiple quan-
tum coherence (MQC) spectrum of low-energy states ob-
tained as a result of a quasi-adiabatic ramping sequence
starting from the paramagnetic ground-state ρˆPGS at large
field Ω/χ  1. To be more specific, we initialize in the
fully polarized state ρˆPGS = |(N/2)x〉〈(N/2)x| at an ini-
tial transverse field Ω(0) and fixed interaction strength
χ = 1. We slowly quench the transverse field over a
duration τ down to Ω(τ) according to a local adiabatic
approximation (LAA) [1, 2] to a final value Ω(τ). The
MQC spectrum is then obtained via a pseudo-echo which
is detailed in the following section.
The LAA ramp sequence entails varying the rate of
change dΩ/dt such that diabatic excitations are created
uniformly throughout the ramp. In principle, this is more
efficient than, say, a linear ramp with fixed dΩ/dt, for
which the performance is greatly determined by excita-
tions generated when the energy gap ∆ between ground
and excited states is smallest. A LAA ramp can be con-
structed via
dΩ
dt
=
∆(t)2
γ
, (1)
γ =
τ∫ Ω(τ)
0
dΩ
∆(B)2
(2)
where ∆(t) [∆(Ω)] is the energy gap of the instanta-
neous Hamiltonian (field strength). Example LAA ramps
for the Lipkin-Meshkov-Glick (LMG) and 1D transverse-
field Ising (TFI) models are shown in Fig. 1.
II. PSEUDO-ECHO PROTOCOL FOR
OBTAINING MQC SPECTRUM
In the main text we outline a pair of dynamical pro-
tocols [see also Fig. 3(a)] to obtain the MQC spectrum
of the ground-state of both TFI and LMG models for a
given Ω/χ through an echo or pseudo-echo sequence. We
argued that if the ramp dynamics which underly these
protocols is sufficiently adiabatic then both sequences are
equivalent, i.e., the MQC spectrum and thus related fi-
delity out-of-time-order correlations from which it is con-
structed can be obtained without time-reversal of coher-
ent dynamics. In this section we expand upon our reason-
ing for this connection and provide further justification
with numerical simulations of the LMG and TFI models.
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FIG. 1. LAA sequence to ramp down transverse field Ω(t)
for the LMG (solid blue) and TFI (dot-dashed red) mod-
els. Examples are for: (LMG) N = 50, χτ = 10, and
(Ω(0),Ω(τ)) = (10, 10−2), and (TFI) N = 20, χτ = 10, and
(Ω(0),Ω(τ)) = (102, 10−2).
A. Connection between ideal and pseudo-echo
protocols
Explicitly, the MQC spectrum of the ground-state of
both TFI and LMG models for a given Ω/χ can be ob-
tained via an echo sequence. This consists of i) initializa-
tion of the spins in the paramagnetic ground-state ρˆ0 =
|(N/2)x〉〈(N/2)x| at large initial field Ω(0)  χ, ii) an
adiabatic ramp of duration τ wherein the transverse field
is slowly quenched to a final value Ω(τ) with χ held fixed,
iii) a global rotation ∝ e−iφˆSˆx , and iv) a many-body echo
of the initial ramp wherein the sign of the Hamiltonian is
flipped and the time-dependence of Hamiltonian param-
eters is reversed, such that Hˆ(t) = −Hˆ(2τ − t) for t > τ .
A measurement of the overlap of the resulting state ρˆφf
with respect to ρˆ0 for many φ then gives access to the
MQC spectrum:
Tr
[
ρˆ0ρˆ
φ
f
]
≡ Tr
[
ρ0Uˆ
†(τ)e−iφSˆxUˆ(τ)ρ0Uˆ†(τ)eiφSˆxUˆ(τ)
]
,
= Tr
[
ρ(τ)ρˆφ(τ)
]
,
=
∑
m
I Sˆxm (ρˆ(τ))e
−imφ. (3)
Here, we have used the cyclic property of the trace
and defined ρˆ(τ) = Uˆ(τ)ρ0Uˆ
†(τ) and ρˆφ(τ) =
e−iφSˆx ρˆ(τ)eiφSˆx where Uˆ(τ) is a unitary operator de-
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2scribing the ramp evolution. This many-body echo se-
quence, combined with the measurement Tr
[
ρˆ0ρˆ
φ
f
]
, is a
type of fidelity out-of-time-order correlation (FOTOC),
which were studied in depth in Ref. [3].
Having recapped the ideal echo protocol which al-
lows one to explicitly construct the MQC spectrum of
the state ρˆ(τ) (and thus in principle ρˆGS), we now dis-
cuss in more detail our statement from the main paper
wherein we report that the MQC spectrum can also be
obtained in the absence of true time-reversal. In particu-
lar, we consider the scenario where in step iv) of the ideal
echo protocol the sign of the Hamiltonian is not flipped:
Hˆ(t) = Hˆ(2τ − t) for t > τ . We term this a pseudo-echo.
In the following we will i) investigate what information
can be extracted when one measures the overlap of the
final state of the pseudo-echo ρˆ′,φf with ρˆ0, and ii) for-
mally justify our argument that this measurement pre-
cisely gives the MQC spectrum of the ground-state in the
limit that the ramping dynamics are adiabatic.
Formally, the overlap with ρˆ0 after the pseudo-echo can
be expanded as
Tr
[
ρˆ0ρˆ
′φ
f
]
≡ Tr
[
ρ0Uˆ
′(τ)e−iφSˆxUˆ(τ)ρ0Uˆ†(τ)eiφSˆxUˆ ′†(τ)
]
,
= Tr
[
ρˆ′(τ)ρˆφ(τ)
]
,
≡
∑
m
I˜ Sˆxm (ρˆ
′(τ), ρˆ(τ))e−imφ. (4)
Here, the second ramp in the pseudo-echo is described by
the unitary operator Uˆ ′(τ), ρˆ′(τ) = Uˆ ′†(τ)ρˆ0Uˆ ′ and we
have defined effective intensities:
I˜ Sˆxm (ρˆ
′(τ), ρˆ(τ)) ≡ Tr [ρˆ′−m(τ)ρˆm(τ)] (5)
If Uˆ ′(τ) = Uˆ†(τ) then we would recover the connection to
the MQC spectrum as per Eq. (3), i.e. I˜ Sˆxm (ρˆ
′(τ), ρˆ(τ))→
I Sˆxm (ρˆ(τ)).
A pseudo-echo does not realize Uˆ ′(τ) = Uˆ†(τ) due to
the difference in sign of the Hamiltonian Hˆ(t). How-
ever, if the ramping protocol is sufficiently adiabatic,
i.e. τ → ∞ for a finite system, then it is possible to
mimic this relation. To understand this claim, consider
a ramp Uˆ(τ → ∞) which adiabatically transforms the
initial ground-state |ψGS(0)〉 of Hˆ(0) into |ψGS(τ)〉 for
Hˆ(τ). Then, implement a subsequent adiabatic ramp
back to Hˆ(2τ) = Hˆ(0) described by Uˆ ′(τ →∞). Clearly,
if the last ramp is adiabatic then we expect |ψGS(2τ)〉 =
Uˆ ′(τ → ∞)|ψGS(τ)〉 ∝ |ψGS(0)〉 up to an irrelevant
global phase. This suggests that Uˆ ′(τ → ∞) ' Uˆ†(τ →
∞) up to some irrelevant phase. Thus, if the ramps are
adiabatic then I˜ Sˆxm (ρˆ
′(τ), ρˆ(τ)) → I Sˆxm (ρˆ(τ)) and hence
the pseudo-echo protocol can be used to obtain the MQC
spectrum.
B. Numerical simulations
We verify this statement with numerical simulations
of the ideal many-body echo and pseudo-echo protocols
for the LMG and TFI models, summarized in Fig. 2. By
varying the total ramp duration τ for a small system
(LMG N = 50, TFI N = 20) we are able to evaluate the
performance of the pseudo-echo protocol as a function of
the adiabaticity of the ramp. We observe that, typically,
the effective MQC intensities I˜ Sˆxm rapidly approach the
true intensities I Sˆxm , with increasing τ . An exception is
the m = 0 intensity for the LMG model, which we find
precisely agrees I˜ Sˆx0 = I
Sˆx
0 . This is due to a symme-
try possessed by both the LMG and TFI models, as well
as the lack of degeneracy in the LMG Hamiltonian, and
is discussed in the following subsection. The associated
adiabaticity of the ramp, quantified by the fidelity F of
the dynamically prepared state to the equivalent ground-
state at Ω(τ)/χ, demonstrates that when F & 0.7 excel-
lent agreement is found between the two MQC intensi-
ties. For completeness, we also plot the return fidelity
Fret, which was introduced in the main text. This quan-
tity is obtained by measuring the overlap of the final and
initial states of the pseudo-echo protocol in the absence
of any perturbation (φ = 0). The return fidelity serves as
a useful way to operationally determine the adiabaticity
of the ramps. In this context, one subtlety which must
be dealt with properly is that Fret is only useful as a
proxy for F when χτ is greater than the characteristic
time-scale of interactions in the model: χτ &
√
N and
χτ & 1 for the LMG and TFI models, respectively. This
is because for shorter ramps no appreciable dynamics can
occur, and thus redundantly Fret ∼ 1.
C. Exact connections between MQC intensities
due to symmetries of the LMG and TFI model
In the previous subsection, we have established that,
excluding the case of adiabatic dynamics, there appears
to be no exact correspondence between the MQC intensi-
ties obtained from the pseudo-echo and ideal many-body
echo protocols in general. However, as hinted at by the
results of Fig. (2), in the special case where the dynam-
ics is described by the LMG or TFI models investigated
here, and with certain further assumptions, it is actually
possible to directly relate the effective MQC intensities
I˜ Sˆxm and the true MQC intensities I
Sˆx
m . This is specifically
related to the fact that the generic Hamiltonian
Hˆ = − 1
2C
∑
i<j
χij σˆ
z
i σˆ
z
j −
Ω
2
∑
i
σˆxi , (6)
which describes both the TFI (χij = χδi,j−1, so that
C = 1) and LMG (χij = χ, so that C = N) models,
is real symmetric: Hˆ∗ = Hˆ where ∗ denotes complex
conjugation. In the following, we will explicitly prove
3FIG. 2. Evaluation of performance of pseudo-echo in obtain-
ing the MQC spectrum, as compared to the ideal echo pro-
tocol, for (a) LMG and (b) TFI models. Intensities are com-
puted for fixed Ω(τ)/χ = 10−2. Panels (i)-(ii) Comparison of
ideal I Sˆxm of exact ground-state (thick blue), adiabatic ramp
with ideal echo (red) and I˜ Sˆxm obtained from a pseudo-echo
(dashed black). We also plot |I˜ Sˆxm | (dot-dashed black) which
shows improved agreement. Note that in (a), I˜ Sˆx0 = I
Sˆx
0 due
to the symmetries of the LMG model (see text). Panel (iii)
Correlation of return fidelity Fret (dashed black) with fidelity
F (solid blue) of prepared state to the actual ground-state
(for Ω(τ) = 10−2) as a function of ramp duration τ . Ver-
tical grey line indicates characteristic interaction timescales
χτ =
√
N (LMG) and χτ = 1 (TFI) (see text).
this results in a connection between I˜ Sˆxm and I
Sˆx
m for the
LMG model, including the result that I˜ Sˆx0 = I
Sˆx
0 , and
then comment on the implications for the TFI model.
1. Connection for ramping protocol
We consider a toy model of the ramping sequences
described by Uˆ(τ) and Uˆ ′†(τ) constructed by discretiz-
ing them into j = 1, 2, ..., n steps of duration ∆τ =
τ/n each described by the instantaneous LMG Hamil-
tonian (Eq. (6) with C = N and χij = χ) Hˆn ≡
Hˆ ((n− 1/2)∆τ):
Uˆ(τ) = lim
n→∞
[
e−iHˆn∆τe−iHˆn−1∆τ ...e−iHˆ2∆τe−iHˆ1∆τ
]
,
Uˆ ′(τ) = lim
n→∞
[
e−iHˆ1∆τe−iHˆ2∆τ ...e−iHˆn−1∆τe−iHˆn∆τ
]
.
(7)
As will become clear, it is also useful to note that in this
model also
Uˆ ′†(τ) = lim
n→∞
[
eiHˆn∆τeiHˆn−1∆τ ...eiHˆ2∆τeiHˆ1∆τ
]
. (8)
Trivially, for an initial pure state |ψ(0)〉 we have that
ρˆ(τ) = |ψ(τ)〉〈ψ(τ)| with |ψ(τ)〉 = Uˆ(τ)|ψ(0)〉, and simi-
larly ρˆ′(τ) = |ψ′(τ)〉〈ψ′(τ)| with |ψ′(τ)〉 = Uˆ ′†(τ)|ψ(0)〉.
A consequence of Hˆj being real symmetric is that
any associated evolution is complex symmetric: i.e.,(
e−iHˆj∆τ
)†
≡
(
e−iHˆj∆τ
)∗
= eiHˆj∆τ . If we assume
that the initial state can be expanded in the fully sym-
metric Dicke basis as |ψ(0)〉 = ∑m cm(0)|mx〉 with
cm(0) ∈ R then the fact that the unitary operator is com-
plex symmetric leads us to the useful result |ψ′(τ)〉 =∑
m c
∗
m(τ)|mx〉 and |ψ(τ)〉 =
∑
m cm(τ)|mx〉. The fact
that the two states |ψ′(τ)〉 and |ψ(τ)〉 share the same
coefficients up to conjugation allows us to directly relate
the MQC intensities:
I Sˆxm (ρˆ) =
∑
n
|cn|2|cn+m|2, (9)
I˜ Sˆxm (ρˆ, ρˆ
′) =
∑
n
c2nc
∗2
n+m. (10)
From these equations, we can immediately deduce I˜ Sˆx0 =
I Sˆx0 . Moreover, the form of Eqs. (9) and (10) allow
us to establish a bound on curvature
∑
mm
2|I Sˆxm | ≥∑
mm
2|I˜ Sˆxm |. This inequality has a subsequent practical
application as a bound on the quantum Fisher informa-
tion [4–6] FQ ≥ 2
∑
mm
2|I˜ Sˆxm |.
The results (9) and (10) explain why we explicitly ob-
serve I˜ Sˆx0 = I
Sˆx
0 in Fig. 2 for the LMG model. Morever,
as also evidenced in Fig. 2, we find that |I˜ Sˆxm | typically
follows I Sˆxm more closely, particularly for ramps which
are not adiabatic. In this context, we always plot |I˜ Sˆxm |
in Fig. 3(b)-(c) of the main text.
2. Extension to TFI model
These findings for the LMG model can be extended to
the TFI case after appropriately accounting for the de-
generacy of states with total spin projection mx. Specif-
ically, if we expand |ψ(τ)〉 = ∑m,α cm,α|mx, α〉 where
Sˆx|mx, α〉 = m|mx, α〉 and α labels each degenerate
state, then for the TFI model we have the more general
results
I Sˆxm (ρˆ) =
∑
n,α,α′
|cn,α|2|cn+m,α′ |2, (11)
I˜ Sˆxm (ρˆ, ρˆ
′) =
∑
n,α,α′
c2n,αc
∗2
n+m,α′ . (12)
Thus, for the TFI model and for more general models
described by the Hamiltonian (6) which probe the full 2N
4Hilbert space, Eqs. (11) and (12) imply that I˜ Sˆx0 6= I Sˆx0
unlike the LMG model.
III. EXACT SOLUTIONS FOR MQC
SPECTRUM
The ground-state, and associated MQC spectrum, can
be solved analytically for both the LMG and TFI models.
In the following we outline the details of the exact solu-
tions and analytic expressions for the MQC intensities.
The results of these calculations are plotted in Figs. 1(b)
and 2 of the main text.
A. TFI model
We first focus on the transverse field Ising model in 1D.
Assuming periodic conditions (PBC), the TFI model is
described by the Hamiltonian
HˆTFI = −
N∑
i=1
σˆzi σˆ
z
i+1 − g
N∑
i=1
σˆxi , (13)
for Pauli operators σˆαi , α = x, y, z, and where we define
the site indices modulo the number of lattice sites, N .
This Hamiltonian is equivalent to Eq. (1) of the main
text (up to an overall rescaling) for χij = χδi,j−1 so that
C = 1, where we imposed periodic boundary conditions
and defined g = Ω/χ for convenience.
1. Exact ground-state
To find the ground state, we follow the standard proce-
dure of first rotating about the y-axis by an angle pi/2 so
that σˆxi → −σˆzi , σˆzi → σˆxi , and then applying a Jordan-
Wigner transformation [7]
σˆ+i = cˆ
†
ie
ipi
∑
j<i nˆj , σˆzi = 2nˆi − 1 (14)
with fermionic creation operators cˆ†i and number opera-
tors nˆi ≡ cˆ†i cˆi. Thus, our Hamiltonian becomes
HˆJW = −
N−1∑
i=1
(
cˆ†i − cˆi
)(
cˆ†i+1 + cˆi+1
)
+ Pˆ
(
cˆ†N − cˆN
)(
cˆ†1 + cˆ1
)
+ g
N∑
i=1
(2nˆi − 1) (15)
where Pˆ = eipi
∑
j nˆj is the fermion number parity op-
erator for the system. For states of odd fermion par-
ity, this Hamiltonian is translationally-invariant and pos-
sesses PBC; however, for states of even fermion parity,
the Hamiltonian instead possesses anti-periodic bound-
ary conditions (APBC). For both cases, we may write
HˆJW in terms of quasimomentum modes as
HˆJW = −
∑
k∈B.Z.
[
2 (cos k − g) nˆk
− i sin k
(
cˆ†k cˆ
†
−k − h.c.
)
+ g
]
(16)
for fermion number operator nˆk = cˆ
†
k cˆk, where we have
substituted cˆj =
1√
N
∑
k∈B.Z. cˆke
−ijk and assumed a lat-
tice constant a = 1 for simplicity. For states with odd
fermion parity, the sum over the first Brillouin zone
(B.Z.) runs over quasimomentum modes k = 2pin/N
with integer n = 0, 1, ..., N − 1; however, for states
with even fermion parity, this sum instead runs over
quasimomentum modes k = 2pin/N with half-integer
n = 1/2, 3/2, ..., N − 1/2. For a description of the origi-
nal physical model, since we have conservation of fermion
number parity we can therefore neglect the set of unphys-
ical states corresponding to even (odd) fermion parity
states of integer (half-integer) quasimomentum modes.
We now apply a Bogoliubov transformation cˆk =
ukγˆk + ivkγˆ
†
−k where uk = cos (θk/2) and vk = sin (θk/2)
for some angle θk. To conserve particle number, we
choose tan θk = sin k/(cos k − g), leaving us with
HˆBog =
∑
k∈B.Z.
εkγˆ
†
kγˆk + E0 (17)
for mode energy
εk = 2
√
g2 − 2g cos k + 1 (18)
and constant offset E0 which we may neglect.
The ground state of HˆBog is the vacuum with respect
to γˆk, denoted by |ψGS〉γ , and we have an energy gap
given by ε0 = 2|g − 1|. This gap vanishes at g = 1,
indicating a transition between a quantum ferromagnetic
phase for g < 1 and a quantum paramagnetic phase for
g > 1. In terms of our original quasimomentum modes,
it is straightforward to show
|ψGS〉γ ∝
∏
0≤k<pi
[
1 + i tan (θk/2)cˆ
†
k cˆ
†
−k
]
|0〉 (19)
where |0〉 is the vacuum with respect to cˆk and k runs over
only half the Brillouin zone to avoid overcounting. Since
this state has even parity, the ground state of our orig-
inal spin model, |ψGS〉, only includes half-integer quasi-
momentum modes, and thus corresponds exclusively to
the ground state of the APBC fermion model. Properly
normalizing this state, we arrive at
|ψGS〉 =
∏
k
[
cos (θk/2) + i sin (θk/2)cˆ
†
k cˆ
†
−k
]
|0〉 (20)
where the product index k is understood is running over
only half-integer quasimomentum modes with 0 ≤ k < pi.
52. FOTOC
To obtain the required MQC spectrum from the
ground-state Eq. (20) we must first compute the associ-
ated FOTOC. Specifically we compute Fφ = Tr
[
ρˆGSρˆ
φ
GS
]
where ρˆGS = |ψGS〉 〈ψGS| and ρˆφGS = e−iφSˆx ρˆGSeiφSˆx .
The latter is simplified via relating
Sˆx =
1
2
∑
i
σˆxi →
∑
k
nˆk, (21)
and we thus find
Fφ =
∣∣ 〈ψGS|e−iφSˆx |ψGS〉 ∣∣2
=
∏
k
[
1− sin2 (2φ)f(k, g)] (22)
where f(k, g) = 1/[1 + (cos k − g)2/ sin2 k].
To find an exact closed-form expression for Eq. (22)
for arbitrary system size N , we first have that
1− sin2(φ)f(k, g) (23)
=
sin2(φ) sin2(k/2)
g
×
[
1−X+,φ(g)/ sin2(k/2)
] [
1−X−,φ(g)/ sin2(k/2)
][
1− (− sinh2((ln g)/2))/ sin2(k/2)]
(24)
for functions
X±,φ(g) =
1
2
{
1− g
sin2(φ)
×
[
1∓
√
1− sin2(φ)
(
1− 1
g
)2
+
sin4(φ)
g2
]}
, (25)
which results from writing (23) as a single rational ex-
pression and then factorizing the numerator, which is a
quadratic in sin2(k/2). Next, we use the following rela-
tions [8],
bN/2c∏
n=1
sin2
(
(2n− 1)pi
2N
)
=
1
2N−1
, (26)
bN/2c∏
n=1
1− sin2 z
sin2
(
(2n−1)pi
2N
)
 =

cos(Nz), N even
cos(Nz)
cos z
, N odd
,
(27)
to evaluate the quasimomenta product in (22) using the
expression in (24). Assuming that N is even, we thus
obtain
Fφ =
4
1 + gN
(
sin(φ)
2
)N
× cos(N arcsin
√
X+,φ(g))
× cos(N arcsin
√
X−,φ(g)).
(28)
For the case of odd N , the only difference is that
(28) is divided through by an additional factor of
cos(arcsin
√
X+,φ(g)) cos(arcsin
√
X−,φ(g)). We note in
passing that for even N , we may alternatively express
the cosine expressions in terms of the Chebyshev polyno-
mials as cos(N arcsin
√
X±,φ(g)) = TN/2(1− 2X±,φ(g)),
where Tα is the α-th Chebyshev polynomial of the first
kind.
It is also useful to obtain a more concise expression for
Eq. (28) in the limit of large N , which is equivalent to
assuming a continuum of quasimomentum modes. Expo-
nentiating our product in (22) and replacing the resulting
sum with an integral,
∑
k → N
∫ pi
0
dk/(2pi), then
Fφ ' e−Nλφ(g), (29)
λφ(g) = −
∫ pi
0
dk
2pi
ln
[
1− sin2(φ)f(k, g)]. (30)
Let us now define the quantity
An(g) ≡
∫ pi
0
dk
2pi
f(k, g)n =
an
2
{
1
22n , g < 1
1
(2g)2n , g > 1
(31)
for central binomial coefficient an =
(
2n
n
)
; we thus have
that An(g) = (an/2)A1(g)
n. To now evaluate λφ(g), we
expand the logarithm in the integrand and perform the
k integral on each successive term, finding
λφ(g) =
∞∑
n=1
an
2n
(
sin2(φ)A1(g)
)n
. (32)
Introducing an auxiliary integral to write each term as
an
2n
(
sin2(φ)A1(g)
)n
= lim
ε→0
∫ sin2(φ)A1(g)
ε/4
dx
2x
anx
n, (33)
we can use the fact that (1 − 4x)−1/2 is the generat-
ing function for the central binomial coefficients, i.e.∑∞
n=0 anx
n = (1− 4x)−1/2, to eliminate the infinite sum
and perform the integral over x, taking the limit ε → 0
at the end to cancel singularities arising from the n = 0
term. We thus obtain
λφ(g) = − ln
1 +
√
1− 4 sin2(φ)A1(g)
2
 , (34)
and so
Fφ '

(
1 + | cos(φ)|
2
)N
, g < 11 +
√
1− sin2(φ)/g2
2
N , g > 1 . (35)
63. MQC spectrum
In order to study the behavior of the MQC spectrum
at the transition, we first turn to our exact expression
for the FOTOC in (28), obtaining a rather simple, exact
result for the MQC intensities exactly at the transition.
For g = 1, from (25) we have X+,φ(g = 1) = 0 and
X−,φ(g = 1) = − cot2(2φ), and from this we have
Fφ|g=1 = sinN (φ/2) + cosN (φ/2). (36)
Using the Fourier decomposition of the FOTOC, I Sˆxm ≡∑
φ Fφe
−imφ we obtain
I Sˆxm |g=1 =
2
4N
(
2N
N −m
)
, (37)
for even m, and is 0 otherwise. Thus, independent of
system size N the critical point of the TFI model is char-
acterized by a Gaussian (binomial) MQC spectrum.
For MQC intensities in the ferromagnetic phase, we
find a much simpler analysis proceeds from using the
large-N expression for the FOTOC in (35). In fact, this
expression yields a constant MQC spectrum for all g < 1,
and limits to the exact MQC spectrum (37) found at the
critical point. From (35) we obtain (again, assuming m
is even)
I Sˆxm |g<1 '
1
4N
(
2N
N −m
)
+
2
pi4N
∑
−N+m≤j≤N+m,
j odd
(
2N
j +N −m
)
(−1)(j−1)/2
j
.
(38)
To write this latter term in a more insightful form, we
first apply the approximation(
2N
j +N −m
)
' 4
N
√
piN
e−(j−m)
2/N . (39)
Since we are generally interested in m  √N , we may
extend the bounds of the sum to j = ±∞, accumulating
an error . 2e−N/N . We then recast our expression as
2
pi4N
∑
−N+m≤j≤N+m,
j odd
(
2N
j +N −m
)
(−1)(j−1)/2
j
' 4e
−m2/N
pi
√
piN
∑
jodd,j>0
(−1)(j−1)/2
j
e−j
2/N . (40)
Now, the partial sum for all terms with j &
√
N has
an absolute value . 1/
√
N , and neglecting such terms
allows us to make the replacement e−j
2/N ≈ 1. Using∑
j odd(−1)(j−1)/2/j = pi/4, and approximating the first
term in our MQC intensity with a Gaussian, we arrive at
the result
I Sˆxm |g<1 '
2√
piN
e−m
2/N , (41)
which is the large-N equivalent of the exact expression
found at the transition.
In the large-N limit, we can also examine some fea-
tures of the MQC spectrum in the paramagnetic phase
as we approach the transition. We now add indices to our
FOTOC and MQC intensities specifying the system size,
so that we have FOTOC Fφ;N and MQC intensity I
Sˆx
0;N
corresponding to system size N . We can see from the
large-N expressions in (35) that Fφ;N = F
N
φ;1, though we
emphasize that this is strictly a mathematical relation-
ship, and we do not expect the large-N expression for
Fφ;1 to be a good approximation to the exact FOTOC
in (28). Motivated by this, we can form a generating
sequence for I Sˆx0;N via
I Sˆx0 (x) ≡
∞∑
N=0
xNI Sˆx0;N =
∞∑
N=0
xN
∫ 2pi
0
dφ
2pi
Fφ;N
=
∫ 2pi
0
dφ
2pi
∞∑
N=0
xNFNφ;1 =
∫ 2pi
0
dφ
2pi
1
1− xFφ;1 , (42)
where x is the generating sequence indeterminate. Solv-
ing this integral, and taking the derivative with respect
to g yields
d
dg
I Sˆx0 (x) =
x2(2− x)
√
1− x
[
4(1− x)g2 + x2
]3/2
+
x
pig(1− x)
[
4(1− x)g2 + x2
]{4(1−x)(g2− 1)K ( 1
g2
)
− 4(1− x)g2E
(
1
g2
)
+ (2− x)2Π
( −x2
4(1− x)g2 ,
1
g2
)}
(43)
for complete elliptic integral of the first, second, and third
kind K(k), E(k), and Π(n, k), respectively, where k is the
eccentricity and n is the characteristic. Only keeping sin-
gular terms in g as g approaches 1 from the paramagnetic
side of the transition,
d
dg
I Sˆx0 (x)|g→1+ ' −
1
2pi
4x
(2− x)2 ln
(
1− 1/g2) (44)
and by taking the N -th derivative at x = 0 and dividing
by N !, we arrive at
d
dg
I Sˆx0;N |g→1+ ' −
N
pi2N
ln(g − 1). (45)
Despite the logarithmic divergence of this expression as
we approach the transition for fixed N , we can also see
7that there is an exponential suppression in N , and thus
the onset of this divergence is well within the quantum
critical regime where one expects the breakdown of large-
N expressions.
B. LMG model
The LMG model describes a system of N mutually
interacting spin-1/2s and is defined by the Hamiltonian
Hˆ = − χ
N
Sˆ2z − ΩSˆx (46)
where we introduced collective spin operators Sˆα =∑
j σˆ
α
j /2 for α = x, y, z. This Hamiltonian emerges from
Eq. (1) of the main text for C = N and χij = χ.
1. Ground-state for large N
An exact solution of the ground-state and low-energy
physics can be obtained via a Holstein-Primakoff trans-
formation in the large N limit. We follow the derivation
previously reported in Ref. [9] and references therein, and
summarize the key results here. Specifically, we write the
collective spin operators in terms of bosonic operators
Sˆx =
N
2
− aˆ†aˆ,
ˆ˜S− ≡ Sˆz − iSˆy = −
(√
N − aˆ†aˆ
)
aˆ. (47)
Using a 1/N expansion of the spin raising and lower oper-
ators and restricting to the paramagnetic phase (Ω ≤ 1)
the LMG Hamiltonian (46) can be written as:
HˆHP =
1
2
(2Ω− χ)aˆ†aˆ− χ
4
(
aˆ2 + aˆ†2
)
. (48)
This bosonic Hamiltonian is then diagonalized via the
Bogoliubov transformation aˆ = sinh(r)bˆ†+ cosh(r)bˆ with
tanh(2r) = χ/(2Ω− χ), such that HˆHP becomes:
Hˆbog =
√
Ω(Ω− χ)bˆ†bˆ. (49)
The eigenstates of Hˆbog are Fock states of the Bogoli-
ubons, bˆ†bˆ|n〉 = n|n〉. As the ground-state is then the
vacuum of the Bogoliubons, |ψgs〉bog = |0〉, then conse-
quently the ground-state of the paramagnetic phase in
the original Holstein-Primakoff bosons is the squeezed
vacuum [10],
|ψGS〉HP = 1√
cosh(r)
∞∑
n=0
tanh(r)n
√
(2n)!
2nn!
|2n〉. (50)
2. MQC spectrum
The MQC spectrum of the ground-state in the para-
magnetic phase of the LMG model can be computed ex-
actly using the result of |ψGS〉HP. Specifically, the spec-
trum with respect to the basis of Sˆx can be computed
via the mapping Sˆx =
N
2 − aˆ†aˆ, and using the definition
of the MQC intensities in terms of the Fourier series
Fφ ≡ |〈ψGS|e−iφSˆx |ψGS〉|2 =
∑
m
I Sˆxm (ρˆGS)e
−imφ. (51)
The LHS is solved upon substitution of Eq. (50) and we
can then identify by inspection:
I Sˆxm (ρˆGS) =
m!
2m[(m/2)!]2
× 2F 1
(
1
2
,
1 +m
2
;
2 +m
2
; tanh(r)4
)
tanh(r)m, (52)
where 2F
1(a, b; c;x) is a hypergeometric function. Equa-
tion (52) is plotted in Fig. 2 of the main text for m = 0, 2.
The QPT is signalled by a vanishing of the MQC in-
tensities as the approach the critical point (Ω/χ)c = 1
from the paramagnetic phase. Specifically, Eq. (52) can
be expanded in the vicinity of (Ω/χ)c = 1
+ as
I Sˆxm (ρˆGS)
∣∣∣
Ω
/χ
→1+
≈ 2
pi
√
Ω
χ
− 1
[
2Hm−1
2
− 2log(2)
−log
(
Ω
χ
− 1
)]
. (53)
where Hn =
∑n
k=1(1/k) is the nth Harmonic num-
ber. We stress that even though I Sˆxm (ρˆGS) → 0 as
(Ω/χ)c → 1+, the analytical solution explicitly preserves∑
m I
Sˆx
m (ρˆGS) = 1 for N → ∞ (as we have assumed in
the original derivation of the ground-state).
For completeness, the QPT is also reflected in the di-
vergence of the associated first derivative as (Ω/χ)c → 1+
dI Sˆxm (ρˆGS)
dΩ
∣∣∣∣∣
Ω
χ→1+
≈ −1
pi
√
Ω
χ − 1
[
2 + 2Hm−1
2
+log
(
4
(
Ω
χ
− 1
))]
. (54)
Finally, the MQC intensities can also be computed
exactly for the ferromagnetic ground-state |ψFGS〉 =
(|(N/2)z〉 + | − (N/2)z〉)/
√
2 for arbitrary N . Specifi-
cally, using the identity
〈(−N/2 + q)z|e−iφSˆx |(−N/2)z〉 =
(−1)q
√
N !
(N − q)!q! cos
N−q(φ/2)sinq(φ/2) (55)
8we obtain
|〈ψFGS|e−iφSˆx |ψFGS〉|2 =
cos2N (φ/2) + sin2N (φ/2) + 21−N sinN (φ), (56)
and
I Sˆxm (ρˆ
F
GS) =
2
4N
(
2N
N −m
)
+
2(−1)m2
4N
(
N
N−m
2
)
(57)
for m even and I Sˆxm (ρˆ
F
GS) = 0 otherwise.
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